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We propose to dynamically control the conductivity of a Josephson junction composed of two
weakly coupled one dimensional condensates of ultracold atoms. A current is induced by a peri-
odically modulated potential difference between the condensates, giving access to the conductivity
of the junction. By using parametric driving of the tunneling energy, we demonstrate that the
low-frequency conductivity of the junction can be enhanced or suppressed, depending on the choice
of the driving frequency. The experimental realization of this proposal provides a quantum sim-
ulation of optically enhanced superconductivity in pump-probe experiments of high temperature
superconductors.
I. INTRODUCTION
Recently, light-induced or enhanced superconductivity
has been discovered in superconducting materials such
as YBa2Cu3O6+x [1–5] or K3C60 [6, 7] using pump-
probe techniques with mid-infrared lasers. This has trig-
gered theoretical investigations of the origin and mech-
anism of optical control of superconductivity. Based
on microscopic models, various mechanisms have been
proposed such as enhancement of electron-phonon cou-
pling [8–12], control of competing order [13–18], photo-
induced η-pairing [19–21] and cooling in multi-band sys-
tems [22, 23]. Meanwhile, phenomenological approaches
have been used to understand the effect of supercon-
ducting fluctuations in photo-excited systems [24–32]. In
Refs. [25–27], we proposed a mechanism based on para-
metrically driven Josephson junctions for light-enhanced
superconductivity. This mechanism is also reflected in a
redistribution of current fluctuations, such that the low-
frequency part of the system is effectively cooled down
leading to an enhancement of the inter-layer tunneling
energy, see Ref. [25].
Given the complexities of light-induced dynamics in
strongly correlated solids, it is conceptually instructive
to explore proposed mechanisms in a well-defined phys-
ical system, which isolates specific features of the solid
state system. In particular, cold atom systems are
highly tunable model systems, that provide toy models
for more complex systems, in the spirit of quantum sim-
ulation. In this paper, we will utilize the ability of cold
atom technology to design and control Josephson junc-
tion systems. Atomic Josephson junctions [33–39] have
been realized experimentally to study coherent transport
[40, 41], atomic conductivity [42], and the dynamics of
Josephson junctions of two dimensional cold atomic gases
[43, 44]. This provides an ideal platform to simulate the
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dynamics of a parametrically driven Josephson junction.
In this paper, we propose to perform dynamical control
of the conductivity of a Josephson junction composed of
two weakly coupled one dimensional (1D) condensates,
see Fig. 1(a). This proposal is motivated by the mech-
anism of parametrically enhanced conductivity, that we
established in Refs. [26, 27]. For that purpose, two dy-
namical processes have to be introduced in the system of
coupled condensates: One is the analogue of the probing
process, and the second one is the analogue of the pump-
ing process or optical driving. As shown in Fig. 1(b), we
implement driving and probing via periodical modulation
of the tunneling energy and the potential difference be-
tween the condensates, respectively. The probe induces a
current, allowing us to determine the conductivity σn(ω)
of the junction of neutral atoms. To serve as a quantum
simulation for a Josephson junction of charged particles,
we will determine the relation of σn(ω) to the conductiv-
ity σc(ω) of a junction of charged particles below, where
we demonstrate that σn(ω) is inversely proportional to
σc(ω). This interpretation derives from the difference of
a U(1) symmetry of a system of neutral particles and a
U(1) gauge symmetry of a system of charged particles.
Using classical field simulations, we show that the density
imbalance between the condensates is suppressed at low
probe frequencies when the parametric driving frequency
is above the Josephson plasma frequency, and enhanced
below the plasma frequency, which constitutes dynam-
ical control of conductivity. Based on a two-site Bose-
Hubbard (BH) model, we derive analytical expressions
for 1/σn(ω) for an undriven and a driven system. The
comparison between the analytical estimates and the sim-
ulations shows good agreement. We note that while the
key physics occurs in the motion of the relative phase be-
tween the condensates, the 1D geometry of the two sub-
systems of the junction serves as an entropy bath, which
slows down the heating of the system. This reduced heat-
ing rate of the system allows for a long probing time used
in this proposal. Finally, we relate the dynamical renor-
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<latexit sha1_base64= "BrB+aF2NAChB5tfZu3bZ7y84ayk=">AAAB/XicbV DLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx6jmAckS5i d9CZDZmeXmVlhCcEf8Kp/4E28+i3+gN/hJNmDSSxo KKq66e4KEsG1cd1vp7CxubW9U9wt7e0fHB6Vj09aO k4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzvz2Ey rNY/losgT9iA4lDzmjxkoPbqlfrrg1dw6yTrycVCB Ho1/+6Q1ilkYoDRNU667nJsafUGU4Ezgt9VKNCWVj OsSupZJGqP3J/NIpubDKgISxsiUNmat/JyY00jqLA tsZUTPSq95M/M/rpia88SdcJqlByRaLwlQQE5PZ22 TAFTIjMksoU9zeStiIKsqMDWdpSzLKNGd6aoPxVmN YJ63LmufWvPurSr2aR1SEMziHKnhwDXW4gwY0gUEI L/AKb86z8+58OJ+L1oKTz5zCEpyvX/eqlZY=</lat exit><latexit sha1_base64= "BrB+aF2NAChB5tfZu3bZ7y84ayk=">AAAB/XicbV DLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx6jmAckS5i d9CZDZmeXmVlhCcEf8Kp/4E28+i3+gN/hJNmDSSxo KKq66e4KEsG1cd1vp7CxubW9U9wt7e0fHB6Vj09aO k4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzvz2Ey rNY/losgT9iA4lDzmjxkoPbqlfrrg1dw6yTrycVCB Ho1/+6Q1ilkYoDRNU667nJsafUGU4Ezgt9VKNCWVj OsSupZJGqP3J/NIpubDKgISxsiUNmat/JyY00jqLA tsZUTPSq95M/M/rpia88SdcJqlByRaLwlQQE5PZ22 TAFTIjMksoU9zeStiIKsqMDWdpSzLKNGd6aoPxVmN YJ63LmufWvPurSr2aR1SEMziHKnhwDXW4gwY0gUEI L/AKb86z8+58OJ+L1oKTz5zCEpyvX/eqlZY=</lat exit><latexit sha1_base64= "BrB+aF2NAChB5tfZu3bZ7y84ayk=">AAAB/XicbV DLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx6jmAckS5i d9CZDZmeXmVlhCcEf8Kp/4E28+i3+gN/hJNmDSSxo KKq66e4KEsG1cd1vp7CxubW9U9wt7e0fHB6Vj09aO k4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzvz2Ey rNY/losgT9iA4lDzmjxkoPbqlfrrg1dw6yTrycVCB Ho1/+6Q1ilkYoDRNU667nJsafUGU4Ezgt9VKNCWVj OsSupZJGqP3J/NIpubDKgISxsiUNmat/JyY00jqLA tsZUTPSq95M/M/rpia88SdcJqlByRaLwlQQE5PZ22 TAFTIjMksoU9zeStiIKsqMDWdpSzLKNGd6aoPxVmN YJ63LmufWvPurSr2aR1SEMziHKnhwDXW4gwY0gUEI L/AKb86z8+58OJ+L1oKTz5zCEpyvX/eqlZY=</lat exit><latexit sha1_base64= "BrB+aF2NAChB5tfZu3bZ7y84ayk=">AAAB/XicbV DLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx6jmAckS5i d9CZDZmeXmVlhCcEf8Kp/4E28+i3+gN/hJNmDSSxo KKq66e4KEsG1cd1vp7CxubW9U9wt7e0fHB6Vj09aO k4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzvz2Ey rNY/losgT9iA4lDzmjxkoPbqlfrrg1dw6yTrycVCB Ho1/+6Q1ilkYoDRNU667nJsafUGU4Ezgt9VKNCWVj OsSupZJGqP3J/NIpubDKgISxsiUNmat/JyY00jqLA tsZUTPSq95M/M/rpia88SdcJqlByRaLwlQQE5PZ22 TAFTIjMksoU9zeStiIKsqMDWdpSzLKNGd6aoPxVmN YJ63LmufWvPurSr2aR1SEMziHKnhwDXW4gwY0gUEI L/AKb86z8+58OJ+L1oKTz5zCEpyvX/eqlZY=</lat exit>
Td/2
<latexit sha1_base64= "JZU/nFr4J8YAuem0LMRFzn9lkOo=">AAACAXicbV DLSsNAFL2pr1pfVZduBovQVU1KQZcFNy4r9AVtKJP JpB07mYSZiRBCV/6AW/0Dd+LWL/EH/A6nbRa29cCF wzn3cu89XsyZ0rb9bRW2tnd294r7pYPDo+OT8ulZV 0WJJLRDIh7JvocV5UzQjmaa034sKQ49Tnve9G7u95 6oVCwSbZ3G1A3xWLCAEayN1G2P/Ot6aVSu2DV7AbR JnJxUIEdrVP4Z+hFJQio04VipgWPH2s2w1IxwOisN E0VjTKZ4TAeGChxS5WaLa2foyig+CiJpSmi0UP9OZ DhUKg090xliPVHr3lz8zxskOrh1MybiRFNBlouChC MdofnryGeSEs1TQzCRzNyKyARLTLQJaGVLPEkVI2p mgnHWY9gk3XrNsWvOQ6PSrOYRFeECLqEKDtxAE+6h BR0g8Agv8Apv1rP1bn1Yn8vWgpXPnMMKrK9fmzeXB g==</latexit><latexit sha1_base64= "JZU/nFr4J8YAuem0LMRFzn9lkOo=">AAACAXicbV DLSsNAFL2pr1pfVZduBovQVU1KQZcFNy4r9AVtKJP JpB07mYSZiRBCV/6AW/0Dd+LWL/EH/A6nbRa29cCF wzn3cu89XsyZ0rb9bRW2tnd294r7pYPDo+OT8ulZV 0WJJLRDIh7JvocV5UzQjmaa034sKQ49Tnve9G7u95 6oVCwSbZ3G1A3xWLCAEayN1G2P/Ot6aVSu2DV7AbR JnJxUIEdrVP4Z+hFJQio04VipgWPH2s2w1IxwOisN E0VjTKZ4TAeGChxS5WaLa2foyig+CiJpSmi0UP9OZ DhUKg090xliPVHr3lz8zxskOrh1MybiRFNBlouChC MdofnryGeSEs1TQzCRzNyKyARLTLQJaGVLPEkVI2p mgnHWY9gk3XrNsWvOQ6PSrOYRFeECLqEKDtxAE+6h BR0g8Agv8Apv1rP1bn1Yn8vWgpXPnMMKrK9fmzeXB g==</latexit><latexit sha1_base64= "JZU/nFr4J8YAuem0LMRFzn9lkOo=">AAACAXicbV DLSsNAFL2pr1pfVZduBovQVU1KQZcFNy4r9AVtKJP JpB07mYSZiRBCV/6AW/0Dd+LWL/EH/A6nbRa29cCF wzn3cu89XsyZ0rb9bRW2tnd294r7pYPDo+OT8ulZV 0WJJLRDIh7JvocV5UzQjmaa034sKQ49Tnve9G7u95 6oVCwSbZ3G1A3xWLCAEayN1G2P/Ot6aVSu2DV7AbR JnJxUIEdrVP4Z+hFJQio04VipgWPH2s2w1IxwOisN E0VjTKZ4TAeGChxS5WaLa2foyig+CiJpSmi0UP9OZ DhUKg090xliPVHr3lz8zxskOrh1MybiRFNBlouChC MdofnryGeSEs1TQzCRzNyKyARLTLQJaGVLPEkVI2p mgnHWY9gk3XrNsWvOQ6PSrOYRFeECLqEKDtxAE+6h BR0g8Agv8Apv1rP1bn1Yn8vWgpXPnMMKrK9fmzeXB g==</latexit><latexit sha1_base64= "BRGHbNNu4n5LrJ3vaz3aDqez23E=">AAAB7XicbZ DNSgMxFIXv1L9aq9a1m2ARXJUZN7oU3LisYH+gLSW TudOGZjJDckcYxr6AW9/AnfhEvoDPYfqzsNYDgcM5 CffmCzMlLfn+l1fZ2d3bP6ge1o7qteOT00a9a9PcC OyIVKWmH3KLSmrskCSF/cwgT0KFvXB2v+h7z2isTP UTFRmOEj7RMpaCk4va40bTb/lLsW0TrE0T1ho3vod RKvIENQnFrR0EfkajkhuSQuG8NswtZlzM+AQHzmqe oB2VyzXn7NIlEYtT444mtkx/vyh5Ym2RhO5mwmlq/ 3aL8L9ukFN8OyqlznJCLVaD4lwxStnizyySBgWpwh kujHS7MjHlhgtyZDamZNPCSmHnjkvwl8K26V63Ar8 VPPpQhXO4gCsI4Abu4AHa0AEBEbzCm/fivXsfK34V bw3yDDbkff4ADTeTDA==</latexit><latexit sha1_base64= "E9YLj01JRLPtP5TjMxYULXiaf5M=">AAAB9nicbZ C9TsMwFIVv+C2lQGFlsaiQmErSBUYkFsYi9U9qo8p xnNbUcSL7BimKOvECrPAGbIi34QV4DtyfgbYcydLR Obbu9RekUhh03W9na3tnd2+/dFA+rBwdn1RPKx2TZ JrxNktkonsBNVwKxdsoUPJeqjmNA8m7weR+1nefuT YiUS3MU+7HdKREJBhFG3Vaw/C6UR5Wa27dnYtsGm9 parBUc1j9GYQJy2KukElqTN9zU/QLqlEwyaflQWZ4 StmEjnjfWkVjbvxivu2UXNokJFGi7VFI5unfFwWNj cnjwN6MKY7NejcL/+v6GUa3fiFUmiFXbDEoyiTBhM y+TkKhOUOZW0OZFnZXwsZUU4YW0MqUdJwbwczUgvH WMWyaTqPuuXXv0YUSnMMFXIEHN3AHD9CENjB4gld4 g3fnxflwPhcIt5wlyzNYkfP1CyCFlbQ=</latexit ><latexit sha1_base64= "E9YLj01JRLPtP5TjMxYULXiaf5M=">AAAB9nicbZ C9TsMwFIVv+C2lQGFlsaiQmErSBUYkFsYi9U9qo8p xnNbUcSL7BimKOvECrPAGbIi34QV4DtyfgbYcydLR Obbu9RekUhh03W9na3tnd2+/dFA+rBwdn1RPKx2TZ JrxNktkonsBNVwKxdsoUPJeqjmNA8m7weR+1nefuT YiUS3MU+7HdKREJBhFG3Vaw/C6UR5Wa27dnYtsGm9 parBUc1j9GYQJy2KukElqTN9zU/QLqlEwyaflQWZ4 StmEjnjfWkVjbvxivu2UXNokJFGi7VFI5unfFwWNj cnjwN6MKY7NejcL/+v6GUa3fiFUmiFXbDEoyiTBhM y+TkKhOUOZW0OZFnZXwsZUU4YW0MqUdJwbwczUgvH WMWyaTqPuuXXv0YUSnMMFXIEHN3AHD9CENjB4gld4 g3fnxflwPhcIt5wlyzNYkfP1CyCFlbQ=</latexit ><latexit sha1_base64= "VflKIfs6kkmaaIpSTgvVtUSbI/A=">AAACAXicbV DLTsJAFL3FF+ILdelmIjFhhS0bXZK4cYkJFBJoyHQ 6hZHptJmZmjQNK3/Arf6BO+PWL/EH/A4H6ELAk9zk 5Jx7c+89fsKZ0rb9bZW2tnd298r7lYPDo+OT6umZq +JUEtolMY9l38eKciZoVzPNaT+RFEc+pz1/ejf3e0 9UKhaLjs4S6kV4LFjICNZGcjuj4LpZGVVrdsNeAG0 SpyA1KNAeVX+GQUzSiApNOFZq4NiJ9nIsNSOczirD VNEEkyke04GhAkdUefni2hm6MkqAwliaEhot1L8TO Y6UyiLfdEZYT9S6Nxf/8wapDm+9nIkk1VSQ5aIw5U jHaP46CpikRPPMEEwkM7ciMsESE20CWtmSTDLFiJq ZYJz1GDaJ22w4dsN5sGutehFRGS7gEurgwA204B7a 0AUCj/ACr/BmPVvv1of1uWwtWcXMOazA+voFmfeXA g==</latexit><latexit sha1_base64= "JZU/nFr4J8YAuem0LMRFzn9lkOo=">AAACAXicbV DLSsNAFL2pr1pfVZduBovQVU1KQZcFNy4r9AVtKJP JpB07mYSZiRBCV/6AW/0Dd+LWL/EH/A6nbRa29cCF wzn3cu89XsyZ0rb9bRW2tnd294r7pYPDo+OT8ulZV 0WJJLRDIh7JvocV5UzQjmaa034sKQ49Tnve9G7u95 6oVCwSbZ3G1A3xWLCAEayN1G2P/Ot6aVSu2DV7AbR JnJxUIEdrVP4Z+hFJQio04VipgWPH2s2w1IxwOisN E0VjTKZ4TAeGChxS5WaLa2foyig+CiJpSmi0UP9OZ DhUKg090xliPVHr3lz8zxskOrh1MybiRFNBlouChC MdofnryGeSEs1TQzCRzNyKyARLTLQJaGVLPEkVI2p mgnHWY9gk3XrNsWvOQ6PSrOYRFeECLqEKDtxAE+6h BR0g8Agv8Apv1rP1bn1Yn8vWgpXPnMMKrK9fmzeXB g==</latexit><latexit sha1_base64= "JZU/nFr4J8YAuem0LMRFzn9lkOo=">AAACAXicbV DLSsNAFL2pr1pfVZduBovQVU1KQZcFNy4r9AVtKJP JpB07mYSZiRBCV/6AW/0Dd+LWL/EH/A6nbRa29cCF wzn3cu89XsyZ0rb9bRW2tnd294r7pYPDo+OT8ulZV 0WJJLRDIh7JvocV5UzQjmaa034sKQ49Tnve9G7u95 6oVCwSbZ3G1A3xWLCAEayN1G2P/Ot6aVSu2DV7AbR JnJxUIEdrVP4Z+hFJQio04VipgWPH2s2w1IxwOisN E0VjTKZ4TAeGChxS5WaLa2foyig+CiJpSmi0UP9OZ DhUKg090xliPVHr3lz8zxskOrh1MybiRFNBlouChC MdofnryGeSEs1TQzCRzNyKyARLTLQJaGVLPEkVI2p mgnHWY9gk3XrNsWvOQ6PSrOYRFeECLqEKDtxAE+6h BR0g8Agv8Apv1rP1bn1Yn8vWgpXPnMMKrK9fmzeXB g==</latexit><latexit sha1_base64= "JZU/nFr4J8YAuem0LMRFzn9lkOo=">AAACAXicbV DLSsNAFL2pr1pfVZduBovQVU1KQZcFNy4r9AVtKJP JpB07mYSZiRBCV/6AW/0Dd+LWL/EH/A6nbRa29cCF wzn3cu89XsyZ0rb9bRW2tnd294r7pYPDo+OT8ulZV 0WJJLRDIh7JvocV5UzQjmaa034sKQ49Tnve9G7u95 6oVCwSbZ3G1A3xWLCAEayN1G2P/Ot6aVSu2DV7AbR JnJxUIEdrVP4Z+hFJQio04VipgWPH2s2w1IxwOisN E0VjTKZ4TAeGChxS5WaLa2foyig+CiJpSmi0UP9OZ DhUKg090xliPVHr3lz8zxskOrh1MybiRFNBlouChC MdofnryGeSEs1TQzCRzNyKyARLTLQJaGVLPEkVI2p mgnHWY9gk3XrNsWvOQ6PSrOYRFeECLqEKDtxAE+6h BR0g8Agv8Apv1rP1bn1Yn8vWgpXPnMMKrK9fmzeXB g==</latexit><latexit sha1_base64= "JZU/nFr4J8YAuem0LMRFzn9lkOo=">AAACAXicbV DLSsNAFL2pr1pfVZduBovQVU1KQZcFNy4r9AVtKJP JpB07mYSZiRBCV/6AW/0Dd+LWL/EH/A6nbRa29cCF wzn3cu89XsyZ0rb9bRW2tnd294r7pYPDo+OT8ulZV 0WJJLRDIh7JvocV5UzQjmaa034sKQ49Tnve9G7u95 6oVCwSbZ3G1A3xWLCAEayN1G2P/Ot6aVSu2DV7AbR JnJxUIEdrVP4Z+hFJQio04VipgWPH2s2w1IxwOisN E0VjTKZ4TAeGChxS5WaLa2foyig+CiJpSmi0UP9OZ DhUKg090xliPVHr3lz8zxskOrh1MybiRFNBlouChC MdofnryGeSEs1TQzCRzNyKyARLTLQJaGVLPEkVI2p mgnHWY9gk3XrNsWvOQ6PSrOYRFeECLqEKDtxAE+6h BR0g8Agv8Apv1rP1bn1Yn8vWgpXPnMMKrK9fmzeXB g==</latexit><latexit sha1_base64= "JZU/nFr4J8YAuem0LMRFzn9lkOo=">AAACAXicbV DLSsNAFL2pr1pfVZduBovQVU1KQZcFNy4r9AVtKJP JpB07mYSZiRBCV/6AW/0Dd+LWL/EH/A6nbRa29cCF wzn3cu89XsyZ0rb9bRW2tnd294r7pYPDo+OT8ulZV 0WJJLRDIh7JvocV5UzQjmaa034sKQ49Tnve9G7u95 6oVCwSbZ3G1A3xWLCAEayN1G2P/Ot6aVSu2DV7AbR JnJxUIEdrVP4Z+hFJQio04VipgWPH2s2w1IxwOisN E0VjTKZ4TAeGChxS5WaLa2foyig+CiJpSmi0UP9OZ DhUKg090xliPVHr3lz8zxskOrh1MybiRFNBlouChC MdofnryGeSEs1TQzCRzNyKyARLTLQJaGVLPEkVI2p mgnHWY9gk3XrNsWvOQ6PSrOYRFeECLqEKDtxAE+6h BR0g8Agv8Apv1rP1bn1Yn8vWgpXPnMMKrK9fmzeXB g==</latexit><latexit sha1_base64= "JZU/nFr4J8YAuem0LMRFzn9lkOo=">AAACAXicbV DLSsNAFL2pr1pfVZduBovQVU1KQZcFNy4r9AVtKJP JpB07mYSZiRBCV/6AW/0Dd+LWL/EH/A6nbRa29cCF wzn3cu89XsyZ0rb9bRW2tnd294r7pYPDo+OT8ulZV 0WJJLRDIh7JvocV5UzQjmaa034sKQ49Tnve9G7u95 6oVCwSbZ3G1A3xWLCAEayN1G2P/Ot6aVSu2DV7AbR JnJxUIEdrVP4Z+hFJQio04VipgWPH2s2w1IxwOisN E0VjTKZ4TAeGChxS5WaLa2foyig+CiJpSmi0UP9OZ DhUKg090xliPVHr3lz8zxskOrh1MybiRFNBlouChC MdofnryGeSEs1TQzCRzNyKyARLTLQJaGVLPEkVI2p mgnHWY9gk3XrNsWvOQ6PSrOYRFeECLqEKDtxAE+6h BR0g8Agv8Apv1rP1bn1Yn8vWgpXPnMMKrK9fmzeXB g==</latexit>
Td/4
<latexit sha1_base64= "sNzdDy7hCrTQqmeYPUHY2cjwjh0=">AAACAXicbV DLSsNAFL2pr1pfVZduBovQVU2kUJcFNy4r9AVtKJP JpB07mYSZiRBCV/6AW/0Dd+LWL/EH/A6nbRa29cCF wzn3cu89XsyZ0rb9bRW2tnd294r7pYPDo+OT8ulZV 0WJJLRDIh7JvocV5UzQjmaa034sKQ49Tnve9G7u95 6oVCwSbZ3G1A3xWLCAEayN1G2P/Ot6aVSu2DV7AbR JnJxUIEdrVP4Z+hFJQio04VipgWPH2s2w1IxwOisN E0VjTKZ4TAeGChxS5WaLa2foyig+CiJpSmi0UP9OZ DhUKg090xliPVHr3lz8zxskOrh1MybiRFNBlouChC MdofnryGeSEs1TQzCRzNyKyARLTLQJaGVLPEkVI2p mgnHWY9gk3ZuaY9ech3qlWc0jKsIFXEIVHGhAE+6h BR0g8Agv8Apv1rP1bn1Yn8vWgpXPnMMKrK9fnmmXC A==</latexit><latexit sha1_base64= "sNzdDy7hCrTQqmeYPUHY2cjwjh0=">AAACAXicbV DLSsNAFL2pr1pfVZduBovQVU2kUJcFNy4r9AVtKJP JpB07mYSZiRBCV/6AW/0Dd+LWL/EH/A6nbRa29cCF wzn3cu89XsyZ0rb9bRW2tnd294r7pYPDo+OT8ulZV 0WJJLRDIh7JvocV5UzQjmaa034sKQ49Tnve9G7u95 6oVCwSbZ3G1A3xWLCAEayN1G2P/Ot6aVSu2DV7AbR JnJxUIEdrVP4Z+hFJQio04VipgWPH2s2w1IxwOisN E0VjTKZ4TAeGChxS5WaLa2foyig+CiJpSmi0UP9OZ DhUKg090xliPVHr3lz8zxskOrh1MybiRFNBlouChC MdofnryGeSEs1TQzCRzNyKyARLTLQJaGVLPEkVI2p mgnHWY9gk3ZuaY9ech3qlWc0jKsIFXEIVHGhAE+6h BR0g8Agv8Apv1rP1bn1Yn8vWgpXPnMMKrK9fnmmXC A==</latexit><latexit sha1_base64= "sNzdDy7hCrTQqmeYPUHY2cjwjh0=">AAACAXicbV DLSsNAFL2pr1pfVZduBovQVU2kUJcFNy4r9AVtKJP JpB07mYSZiRBCV/6AW/0Dd+LWL/EH/A6nbRa29cCF wzn3cu89XsyZ0rb9bRW2tnd294r7pYPDo+OT8ulZV 0WJJLRDIh7JvocV5UzQjmaa034sKQ49Tnve9G7u95 6oVCwSbZ3G1A3xWLCAEayN1G2P/Ot6aVSu2DV7AbR JnJxUIEdrVP4Z+hFJQio04VipgWPH2s2w1IxwOisN E0VjTKZ4TAeGChxS5WaLa2foyig+CiJpSmi0UP9OZ DhUKg090xliPVHr3lz8zxskOrh1MybiRFNBlouChC MdofnryGeSEs1TQzCRzNyKyARLTLQJaGVLPEkVI2p mgnHWY9gk3ZuaY9ech3qlWc0jKsIFXEIVHGhAE+6h BR0g8Agv8Apv1rP1bn1Yn8vWgpXPnMMKrK9fnmmXC A==</latexit><latexit sha1_base64= "sNzdDy7hCrTQqmeYPUHY2cjwjh0=">AAACAXicbV DLSsNAFL2pr1pfVZduBovQVU2kUJcFNy4r9AVtKJP JpB07mYSZiRBCV/6AW/0Dd+LWL/EH/A6nbRa29cCF wzn3cu89XsyZ0rb9bRW2tnd294r7pYPDo+OT8ulZV 0WJJLRDIh7JvocV5UzQjmaa034sKQ49Tnve9G7u95 6oVCwSbZ3G1A3xWLCAEayN1G2P/Ot6aVSu2DV7AbR JnJxUIEdrVP4Z+hFJQio04VipgWPH2s2w1IxwOisN E0VjTKZ4TAeGChxS5WaLa2foyig+CiJpSmi0UP9OZ DhUKg090xliPVHr3lz8zxskOrh1MybiRFNBlouChC MdofnryGeSEs1TQzCRzNyKyARLTLQJaGVLPEkVI2p mgnHWY9gk3ZuaY9ech3qlWc0jKsIFXEIVHGhAE+6h BR0g8Agv8Apv1rP1bn1Yn8vWgpXPnMMKrK9fnmmXC A==</latexit>
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<latexit sha1_base64="BrB+aF2NAChB5tfZu3bZ 7y84ayk=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx6jmAckS5id9CZDZmeXmVlhCcEf8Kp/ 4E28+i3+gN/hJNmDSSxoKKq66e4KEsG1cd1vp7CxubW9U9wt7e0fHB6Vj09aOk4VwyaLRaw6AdUouMSm4U ZgJ1FIo0BgOxjfzvz2EyrNY/losgT9iA4lDzmjxkoPbqlfrrg1dw6yTrycVCBHo1/+6Q1ilkYoDRNU667n JsafUGU4Ezgt9VKNCWVjOsSupZJGqP3J/NIpubDKgISxsiUNmat/JyY00jqLAtsZUTPSq95M/M/rpia88S dcJqlByRaLwlQQE5PZ22TAFTIjMksoU9zeStiIKsqMDWdpSzLKNGd6aoPxVmNYJ63LmufWvPurSr2aR1SE MziHKnhwDXW4gwY0gUEIL/AKb86z8+58OJ+L1oKTz5zCEpyvX/eqlZY=</latexit><latexit sha1_base64="BrB+aF2NAChB5tfZu3bZ 7y84ayk=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx6jmAckS5id9CZDZmeXmVlhCcEf8Kp/ 4E28+i3+gN/hJNmDSSxoKKq66e4KEsG1cd1vp7CxubW9U9wt7e0fHB6Vj09aOk4VwyaLRaw6AdUouMSm4U ZgJ1FIo0BgOxjfzvz2EyrNY/losgT9iA4lDzmjxkoPbqlfrrg1dw6yTrycVCBHo1/+6Q1ilkYoDRNU667n JsafUGU4Ezgt9VKNCWVjOsSupZJGqP3J/NIpubDKgISxsiUNmat/JyY00jqLAtsZUTPSq95M/M/rpia88S dcJqlByRaLwlQQE5PZ22TAFTIjMksoU9zeStiIKsqMDWdpSzLKNGd6aoPxVmNYJ63LmufWvPurSr2aR1SE MziHKnhwDXW4gwY0gUEIL/AKb86z8+58OJ+L1oKTz5zCEpyvX/eqlZY=</latexit><latexit sha1_base64="BrB+aF2NAChB5tfZu3bZ 7y84ayk=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx6jmAckS5id9CZDZmeXmVlhCcEf8Kp/ 4E28+i3+gN/hJNmDSSxoKKq66e4KEsG1cd1vp7CxubW9U9wt7e0fHB6Vj09aOk4VwyaLRaw6AdUouMSm4U ZgJ1FIo0BgOxjfzvz2EyrNY/losgT9iA4lDzmjxkoPbqlfrrg1dw6yTrycVCBHo1/+6Q1ilkYoDRNU667n JsafUGU4Ezgt9VKNCWVjOsSupZJGqP3J/NIpubDKgISxsiUNmat/JyY00jqLAtsZUTPSq95M/M/rpia88S dcJqlByRaLwlQQE5PZ22TAFTIjMksoU9zeStiIKsqMDWdpSzLKNGd6aoPxVmNYJ63LmufWvPurSr2aR1SE MziHKnhwDXW4gwY0gUEIL/AKb86z8+58OJ+L1oKTz5zCEpyvX/eqlZY=</latexit><latexit sha1_base64="BrB+aF2NAChB5tfZu3bZ 7y84ayk=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoOQU9gVQY8BLx6jmAckS5id9CZDZmeXmVlhCcEf8Kp/ 4E28+i3+gN/hJNmDSSxoKKq66e4KEsG1cd1vp7CxubW9U9wt7e0fHB6Vj09aOk4VwyaLRaw6AdUouMSm4U ZgJ1FIo0BgOxjfzvz2EyrNY/losgT9iA4lDzmjxkoPbqlfrrg1dw6yTrycVCBHo1/+6Q1ilkYoDRNU667n JsafUGU4Ezgt9VKNCWVjOsSupZJGqP3J/NIpubDKgISxsiUNmat/JyY00jqLAtsZUTPSq95M/M/rpia88S dcJqlByRaLwlQQE5PZ22TAFTIjMksoU9zeStiIKsqMDWdpSzLKNGd6aoPxVmNYJ63LmufWvPurSr2aR1SE MziHKnhwDXW4gwY0gUEIL/AKb86z8+58OJ+L1oKTz5zCEpyvX/eqlZY=</latexit>
Tp/4
<latexit sha1_base64="XblLrlDbd0UCyPzKG+c+ uaxBWS8=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBByirsS0GPAi8cIeUGyhNnJbDJmdnaYmRWWJSd/wKv+ gTfx6pf4A36Hk2QPJrGgoajqprsrkJxp47rfzsbm1vbObmGvuH9weHRcOjlt6zhRhLZIzGPVDbCmnAnaMs xw2pWK4ijgtBNM7mZ+54kqzWLRNKmkfoRHgoWMYGOldnMgr2rFQansVt050DrxclKGHI1B6ac/jEkSUWEI x1r3PFcaP8PKMMLptNhPNJWYTPCI9iwVOKLaz+bXTtGlVYYojJUtYdBc/TuR4UjrNApsZ4TNWK96M/E/r5 eY8NbPmJCJoYIsFoUJRyZGs9fRkClKDE8twUQxeysiY6wwMTagpS1ynGpG9NQG463GsE7a11XPrXoPtXK9 kkdUgHO4gAp4cAN1uIcGtIDAI7zAK7w5z8678+F8Llo3nHzmDJbgfP0Csa2XFA==</latexit><latexit sha1_base64="XblLrlDbd0UCyPzKG+c+ uaxBWS8=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBByirsS0GPAi8cIeUGyhNnJbDJmdnaYmRWWJSd/wKv+ gTfx6pf4A36Hk2QPJrGgoajqprsrkJxp47rfzsbm1vbObmGvuH9weHRcOjlt6zhRhLZIzGPVDbCmnAnaMs xw2pWK4ijgtBNM7mZ+54kqzWLRNKmkfoRHgoWMYGOldnMgr2rFQansVt050DrxclKGHI1B6ac/jEkSUWEI x1r3PFcaP8PKMMLptNhPNJWYTPCI9iwVOKLaz+bXTtGlVYYojJUtYdBc/TuR4UjrNApsZ4TNWK96M/E/r5 eY8NbPmJCJoYIsFoUJRyZGs9fRkClKDE8twUQxeysiY6wwMTagpS1ynGpG9NQG463GsE7a11XPrXoPtXK9 kkdUgHO4gAp4cAN1uIcGtIDAI7zAK7w5z8678+F8Llo3nHzmDJbgfP0Csa2XFA==</latexit><latexit sha1_base64="XblLrlDbd0UCyPzKG+c+ uaxBWS8=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBByirsS0GPAi8cIeUGyhNnJbDJmdnaYmRWWJSd/wKv+ gTfx6pf4A36Hk2QPJrGgoajqprsrkJxp47rfzsbm1vbObmGvuH9weHRcOjlt6zhRhLZIzGPVDbCmnAnaMs xw2pWK4ijgtBNM7mZ+54kqzWLRNKmkfoRHgoWMYGOldnMgr2rFQansVt050DrxclKGHI1B6ac/jEkSUWEI x1r3PFcaP8PKMMLptNhPNJWYTPCI9iwVOKLaz+bXTtGlVYYojJUtYdBc/TuR4UjrNApsZ4TNWK96M/E/r5 eY8NbPmJCJoYIsFoUJRyZGs9fRkClKDE8twUQxeysiY6wwMTagpS1ynGpG9NQG463GsE7a11XPrXoPtXK9 kkdUgHO4gAp4cAN1uIcGtIDAI7zAK7w5z8678+F8Llo3nHzmDJbgfP0Csa2XFA==</latexit><latexit sha1_base64="XblLrlDbd0UCyPzKG+c+ uaxBWS8=">AAACAXicbVDLSgNBEOz1GeMr6tHLYBByirsS0GPAi8cIeUGyhNnJbDJmdnaYmRWWJSd/wKv+ gTfx6pf4A36Hk2QPJrGgoajqprsrkJxp47rfzsbm1vbObmGvuH9weHRcOjlt6zhRhLZIzGPVDbCmnAnaMs xw2pWK4ijgtBNM7mZ+54kqzWLRNKmkfoRHgoWMYGOldnMgr2rFQansVt050DrxclKGHI1B6ac/jEkSUWEI x1r3PFcaP8PKMMLptNhPNJWYTPCI9iwVOKLaz+bXTtGlVYYojJUtYdBc/TuR4UjrNApsZ4TNWK96M/E/r5 eY8NbPmJCJoYIsFoUJRyZGs9fRkClKDE8twUQxeysiY6wwMTagpS1ynGpG9NQG463GsE7a11XPrXoPtXK9 kkdUgHO4gAp4cAN1uIcGtIDAI7zAK7w5z8678+F8Llo3nHzmDJbgfP0Csa2XFA==</latexit>
3Tp/4
<latexit sha1_base64="3fkO5NFxO3VcFoVZQ4bO dzHSlxc=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBByirsa0GPAi8cIeUGyhNnJbDJkdnaYmRWWJTd/wKv+ gTfx6o/4A36Hk2QPJrGgoajqprsrkJxp47rfzsbm1vbObmGvuH9weHRcOjlt6zhRhLZIzGPVDbCmnAnaMs xw2pWK4ijgtBNM7md+54kqzWLRNKmkfoRHgoWMYGOlzk1zIK9qxUGp7FbdOdA68XJShhyNQemnP4xJElFh CMda9zxXGj/DyjDC6bTYTzSVmEzwiPYsFTii2s/m507RpVWGKIyVLWHQXP07keFI6zQKbGeEzVivejPxP6 +XmPDOz5iQiaGCLBaFCUcmRrPf0ZApSgxPLcFEMXsrImOsMDE2oaUtcpxqRvTUBuOtxrBO2tdVz616j7Vy vZJHVIBzuIAKeHALdXiABrSAwARe4BXenGfn3flwPhetG04+cwZLcL5+ASk4l1E=</latexit><latexit sha1_base64="3fkO5NFxO3VcFoVZQ4bO dzHSlxc=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBByirsa0GPAi8cIeUGyhNnJbDJkdnaYmRWWJTd/wKv+ gTfx6o/4A36Hk2QPJrGgoajqprsrkJxp47rfzsbm1vbObmGvuH9weHRcOjlt6zhRhLZIzGPVDbCmnAnaMs xw2pWK4ijgtBNM7md+54kqzWLRNKmkfoRHgoWMYGOlzk1zIK9qxUGp7FbdOdA68XJShhyNQemnP4xJElFh CMda9zxXGj/DyjDC6bTYTzSVmEzwiPYsFTii2s/m507RpVWGKIyVLWHQXP07keFI6zQKbGeEzVivejPxP6 +XmPDOz5iQiaGCLBaFCUcmRrPf0ZApSgxPLcFEMXsrImOsMDE2oaUtcpxqRvTUBuOtxrBO2tdVz616j7Vy vZJHVIBzuIAKeHALdXiABrSAwARe4BXenGfn3flwPhetG04+cwZLcL5+ASk4l1E=</latexit><latexit sha1_base64="3fkO5NFxO3VcFoVZQ4bO dzHSlxc=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBByirsa0GPAi8cIeUGyhNnJbDJkdnaYmRWWJTd/wKv+ gTfx6o/4A36Hk2QPJrGgoajqprsrkJxp47rfzsbm1vbObmGvuH9weHRcOjlt6zhRhLZIzGPVDbCmnAnaMs xw2pWK4ijgtBNM7md+54kqzWLRNKmkfoRHgoWMYGOlzk1zIK9qxUGp7FbdOdA68XJShhyNQemnP4xJElFh CMda9zxXGj/DyjDC6bTYTzSVmEzwiPYsFTii2s/m507RpVWGKIyVLWHQXP07keFI6zQKbGeEzVivejPxP6 +XmPDOz5iQiaGCLBaFCUcmRrPf0ZApSgxPLcFEMXsrImOsMDE2oaUtcpxqRvTUBuOtxrBO2tdVz616j7Vy vZJHVIBzuIAKeHALdXiABrSAwARe4BXenGfn3flwPhetG04+cwZLcL5+ASk4l1E=</latexit><latexit sha1_base64="BRGHbNNu4n5LrJ3vaz3a Dqez23E=">AAAB7XicbZDNSgMxFIXv1L9aq9a1m2ARXJUZN7oU3LisYH+gLSWTudOGZjJDckcYxr6AW9/A nfhEvoDPYfqzsNYDgcM5CffmCzMlLfn+l1fZ2d3bP6ge1o7qteOT00a9a9PcCOyIVKWmH3KLSmrskCSF/c wgT0KFvXB2v+h7z2isTPUTFRmOEj7RMpaCk4va40bTb/lLsW0TrE0T1ho3vodRKvIENQnFrR0EfkajkhuS QuG8NswtZlzM+AQHzmqeoB2VyzXn7NIlEYtT444mtkx/vyh5Ym2RhO5mwmlq/3aL8L9ukFN8OyqlznJCLV aD4lwxStnizyySBgWpwhkujHS7MjHlhgtyZDamZNPCSmHnjkvwl8K26V63Ar8VPPpQhXO4gCsI4Abu4AHa 0AEBEbzCm/fivXsfK34Vbw3yDDbkff4ADTeTDA==</latexit><latexit sha1_base64="/OAEXs/72cqYyKUgkLyl jegUZPE=">AAAB93icbZDNSgMxFIXv+Ftr1erWTbAIruqMCroU3Lis0D9oh5JJM21oJhOSO8JQuvMF3Oob uBOfxhfwOUx/Frb1QOBwTsK9+SIthUXf//Y2Nre2d3YLe8X90sHhUfm41LRpZhhvsFSmph1Ry6VQvIECJW 9rw2kSSd6KRg/TvvXMjRWpqmOueZjQgRKxYBRd1Lqu9/TlTbFXrvhVfyayboKFqcBCtV75p9tPWZZwhUxS azuBrzEcU4OCST4pdjPLNWUjOuAdZxVNuA3Hs3Un5NwlfRKnxh2FZJb+fTGmibV5ErmbCcWhXe2m4X9dJ8 P4LhwLpTPkis0HxZkkmJLp30lfGM5Q5s5QZoTblbAhNZShI7Q0RQ9zK5idODDBKoZ107yqBn41ePKhAKdw BhcQwC3cwyPUoAEMRvAKb/DuvXgf3ucc4Ya3YHkCS/K+fgGrbJX+</latexit><latexit sha1_base64="/OAEXs/72cqYyKUgkLyl jegUZPE=">AAAB93icbZDNSgMxFIXv+Ftr1erWTbAIruqMCroU3Lis0D9oh5JJM21oJhOSO8JQuvMF3Oob uBOfxhfwOUx/Frb1QOBwTsK9+SIthUXf//Y2Nre2d3YLe8X90sHhUfm41LRpZhhvsFSmph1Ry6VQvIECJW 9rw2kSSd6KRg/TvvXMjRWpqmOueZjQgRKxYBRd1Lqu9/TlTbFXrvhVfyayboKFqcBCtV75p9tPWZZwhUxS azuBrzEcU4OCST4pdjPLNWUjOuAdZxVNuA3Hs3Un5NwlfRKnxh2FZJb+fTGmibV5ErmbCcWhXe2m4X9dJ8 P4LhwLpTPkis0HxZkkmJLp30lfGM5Q5s5QZoTblbAhNZShI7Q0RQ9zK5idODDBKoZ107yqBn41ePKhAKdw BhcQwC3cwyPUoAEMRvAKb/DuvXgf3ucc4Ya3YHkCS/K+fgGrbJX+</latexit><latexit sha1_base64="2erKj095hppYEXkr1GEh 3mnjsFA=">AAACAnicbVDLSgNBEOyNrxhfUY9eBoOQU9xVQY8BLx4j5AXJEmYns8mQ2dlhZlZYltz8Aa/6 B97Eqz/iD/gdTpI9mMSChqKqm+6uQHKmjet+O4WNza3tneJuaW//4PCofHzS1nGiCG2RmMeqG2BNORO0ZZ jhtCsVxVHAaSeY3M/8zhNVmsWiaVJJ/QiPBAsZwcZKnevmQF7elAbliltz50DrxMtJBXI0BuWf/jAmSUSF IRxr3fNcafwMK8MIp9NSP9FUYjLBI9qzVOCIaj+bnztFF1YZojBWtoRBc/XvRIYjrdMosJ0RNmO96s3E/7 xeYsI7P2NCJoYKslgUJhyZGM1+R0OmKDE8tQQTxeytiIyxwsTYhJa2yHGqGdFTG4y3GsM6aV/VPLfmPbqV ejWPqAhncA5V8OAW6vAADWgBgQm8wCu8Oc/Ou/PhfC5aC04+cwpLcL5+ASf4l00=</latexit><latexit sha1_base64="3fkO5NFxO3VcFoVZQ4bO dzHSlxc=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBByirsa0GPAi8cIeUGyhNnJbDJkdnaYmRWWJTd/wKv+ gTfx6o/4A36Hk2QPJrGgoajqprsrkJxp47rfzsbm1vbObmGvuH9weHRcOjlt6zhRhLZIzGPVDbCmnAnaMs xw2pWK4ijgtBNM7md+54kqzWLRNKmkfoRHgoWMYGOlzk1zIK9qxUGp7FbdOdA68XJShhyNQemnP4xJElFh CMda9zxXGj/DyjDC6bTYTzSVmEzwiPYsFTii2s/m507RpVWGKIyVLWHQXP07keFI6zQKbGeEzVivejPxP6 +XmPDOz5iQiaGCLBaFCUcmRrPf0ZApSgxPLcFEMXsrImOsMDE2oaUtcpxqRvTUBuOtxrBO2tdVz616j7Vy vZJHVIBzuIAKeHALdXiABrSAwARe4BXenGfn3flwPhetG04+cwZLcL5+ASk4l1E=</latexit><latexit sha1_base64="3fkO5NFxO3VcFoVZQ4bO dzHSlxc=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBByirsa0GPAi8cIeUGyhNnJbDJkdnaYmRWWJTd/wKv+ gTfx6o/4A36Hk2QPJrGgoajqprsrkJxp47rfzsbm1vbObmGvuH9weHRcOjlt6zhRhLZIzGPVDbCmnAnaMs xw2pWK4ijgtBNM7md+54kqzWLRNKmkfoRHgoWMYGOlzk1zIK9qxUGp7FbdOdA68XJShhyNQemnP4xJElFh CMda9zxXGj/DyjDC6bTYTzSVmEzwiPYsFTii2s/m507RpVWGKIyVLWHQXP07keFI6zQKbGeEzVivejPxP6 +XmPDOz5iQiaGCLBaFCUcmRrPf0ZApSgxPLcFEMXsrImOsMDE2oaUtcpxqRvTUBuOtxrBO2tdVz616j7Vy vZJHVIBzuIAKeHALdXiABrSAwARe4BXenGfn3flwPhetG04+cwZLcL5+ASk4l1E=</latexit><latexit sha1_base64="3fkO5NFxO3VcFoVZQ4bO dzHSlxc=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBByirsa0GPAi8cIeUGyhNnJbDJkdnaYmRWWJTd/wKv+ gTfx6o/4A36Hk2QPJrGgoajqprsrkJxp47rfzsbm1vbObmGvuH9weHRcOjlt6zhRhLZIzGPVDbCmnAnaMs xw2pWK4ijgtBNM7md+54kqzWLRNKmkfoRHgoWMYGOlzk1zIK9qxUGp7FbdOdA68XJShhyNQemnP4xJElFh CMda9zxXGj/DyjDC6bTYTzSVmEzwiPYsFTii2s/m507RpVWGKIyVLWHQXP07keFI6zQKbGeEzVivejPxP6 +XmPDOz5iQiaGCLBaFCUcmRrPf0ZApSgxPLcFEMXsrImOsMDE2oaUtcpxqRvTUBuOtxrBO2tdVz616j7Vy vZJHVIBzuIAKeHALdXiABrSAwARe4BXenGfn3flwPhetG04+cwZLcL5+ASk4l1E=</latexit><latexit sha1_base64="3fkO5NFxO3VcFoVZQ4bO dzHSlxc=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBByirsa0GPAi8cIeUGyhNnJbDJkdnaYmRWWJTd/wKv+ gTfx6o/4A36Hk2QPJrGgoajqprsrkJxp47rfzsbm1vbObmGvuH9weHRcOjlt6zhRhLZIzGPVDbCmnAnaMs xw2pWK4ijgtBNM7md+54kqzWLRNKmkfoRHgoWMYGOlzk1zIK9qxUGp7FbdOdA68XJShhyNQemnP4xJElFh CMda9zxXGj/DyjDC6bTYTzSVmEzwiPYsFTii2s/m507RpVWGKIyVLWHQXP07keFI6zQKbGeEzVivejPxP6 +XmPDOz5iQiaGCLBaFCUcmRrPf0ZApSgxPLcFEMXsrImOsMDE2oaUtcpxqRvTUBuOtxrBO2tdVz616j7Vy vZJHVIBzuIAKeHALdXiABrSAwARe4BXenGfn3flwPhetG04+cwZLcL5+ASk4l1E=</latexit><latexit sha1_base64="3fkO5NFxO3VcFoVZQ4bO dzHSlxc=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBByirsa0GPAi8cIeUGyhNnJbDJkdnaYmRWWJTd/wKv+ gTfx6o/4A36Hk2QPJrGgoajqprsrkJxp47rfzsbm1vbObmGvuH9weHRcOjlt6zhRhLZIzGPVDbCmnAnaMs xw2pWK4ijgtBNM7md+54kqzWLRNKmkfoRHgoWMYGOlzk1zIK9qxUGp7FbdOdA68XJShhyNQemnP4xJElFh CMda9zxXGj/DyjDC6bTYTzSVmEzwiPYsFTii2s/m507RpVWGKIyVLWHQXP07keFI6zQKbGeEzVivejPxP6 +XmPDOz5iQiaGCLBaFCUcmRrPf0ZApSgxPLcFEMXsrImOsMDE2oaUtcpxqRvTUBuOtxrBO2tdVz616j7Vy vZJHVIBzuIAKeHALdXiABrSAwARe4BXenGfn3flwPhetG04+cwZLcL5+ASk4l1E=</latexit><latexit sha1_base64="3fkO5NFxO3VcFoVZQ4bO dzHSlxc=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBByirsa0GPAi8cIeUGyhNnJbDJkdnaYmRWWJTd/wKv+ gTfx6o/4A36Hk2QPJrGgoajqprsrkJxp47rfzsbm1vbObmGvuH9weHRcOjlt6zhRhLZIzGPVDbCmnAnaMs xw2pWK4ijgtBNM7md+54kqzWLRNKmkfoRHgoWMYGOlzk1zIK9qxUGp7FbdOdA68XJShhyNQemnP4xJElFh CMda9zxXGj/DyjDC6bTYTzSVmEzwiPYsFTii2s/m507RpVWGKIyVLWHQXP07keFI6zQKbGeEzVivejPxP6 +XmPDOz5iQiaGCLBaFCUcmRrPf0ZApSgxPLcFEMXsrImOsMDE2oaUtcpxqRvTUBuOtxrBO2tdVz616j7Vy vZJHVIBzuIAKeHALdXiABrSAwARe4BXenGfn3flwPhetG04+cwZLcL5+ASk4l1E=</latexit>
Tp/2
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FIG. 1. (a) A Josephson junction composed of two weakly coupled 1D condensates in a double-well potential. (b) Illustration
of the driving and probing process, implemented via periodic modulation of the barrier height and the potential difference
between the two potential minima, with driving (probing) frequency ωd (ωp). (c) We depict the imaginary part of the inverse
of the conductivity of the atomic Josephson junction, Im[1/σn(ω)], obtained from our numerical classical field simulations. It
displays a 1/ω divergence, reminiscent of the conductivity of a junction of charged particles. For parametric driving with a
blue-detuned driving frequency of ωd/ωJp = 1.053, the prefactor of the divergence is enhanced by ∼ 104%. For red-detuned
driving at ωd/ωJp = 0.921, the prefactor is reduced by ∼ 21%. This demonstrates dynamical control of conductivity of an
atomic junction, based on the mechanism put forth in Ref. [26].
malization of the conductivity of the atomic junction to
a resistively and capacitively shunted junction (RCSJ)
model, utilized in the description of electronic circuits.
This can be visualized as a dynamically driven wash-
board potential. We note that similar models have been
studied in Refs. [45–51]. Here, we present how paramet-
ric driving of the junction near its resonance frequency
affects its conductivity, which constitutes the key insight
of our study.
This paper is organized as follows. In Sec. II, we de-
scribe the numerical simulation method for the system
and show the numerical results for the time evolution of
the density imbalance between the two condensates for
an undriven system and a driven system, which demon-
strate that parametric driving affects the response at low
probing frequencies. In Sec. III, we derive an analytical
estimate of the conductivity σn(ω) of neutral particles
using a two-site BH model. Furthermore, we derive the
conductivity σc(ω) of a junction of charged particles, and
discuss the relation of σn(ω) and σc(ω). In Sec. IV we
show the numerical results that demonstrate dynamical
control of the conductivity of a junction composed of two
coupled 1D condensates. In Sec. V, we expand on the an-
alytical approach of Sec. III, and derive how parametric
driving renormalizes the conductivity σn(ω) of a junction
of neutral particles. Furthermore, we compare this ana-
lytical prediction with our numerical results. In Sec. VI,
we relate the analytical result for a junction of neutral
particles, derived in Sec. V, to a parametrically driven
junction of charged particles. We conclude in Sec. VII.
II. SIMULATION METHOD
We consider a Josephson junction composed of two 1D
condensates, as shown in Fig. 1(a). We numerically sim-
ulate the dynamics of this system using the classical field
method of Ref. [52]. For the numerical implementation,
we represent the system of two coupled condensates, as a
lattice model, which takes the form of a BH Hamiltonian
Hˆ0 = −
∑
〈α,β〉
Jαβ bˆ
†
αbˆβ +
U
2
∑
α
nˆα(nˆα − 1). (1)
bˆ†α (bˆα) is the bosonic creation (annihilation) operator at
site α. 〈α, β〉 denotes nearest neighbour sites α and β.
The lattice dimensions are Nx × Nz, where we choose
Nx = 50 and Nz = 2. Each site index α = (i, j) en-
codes the two coordinates i and j, with i ∈ [1, 50] and
j = 1, 2. nˆα = bˆ†αbˆα is the number operator at site α.
Along the z- direction, the tunneling energy Jαβ is given
by Jz, which is the tunneling energy of the double-well
potential. In the undriven system, this tunneling energy
is a constant, Jz = J0. We will use J0 as the energy scale
throughout this paper. To capture the continuous 1D
condensates numerically, we discretize the motion along
the x-direction, with a discretization length lx. This re-
sults in an effective tunneling energy Jx = ~2/(2ml2x),
where m is the atomic mass and ~ is the reduced Planck
constant [53]. In this discretized representation, the on-
site repulsive interaction is determined by U = g1D/lx,
where g1D = 2~2as/(mayaz). as is the s-wave scattering
length and ay (az) is the oscillator length due to trap
confinement along y- (z-) direction. In the following, we
set ~ = 1. We use U = 0.15J0 throughout this paper. In
our classical field representation, we replace the opera-
tors in Hamiltonian (1) and its corresponding equations
3FIG. 2. Density imbalance ∆n(t) as a function of time t. The system is subjected to the probing term of Eq. (2) with an
amplitude V0 = 0.01J0 and a frequency ωp = 2pi × 0.002J0. Time t is displayed in units of the probing period Tp = 500J−10 .
The dashed lines in (a)-(c) are ∆n(t), averaged over 500 realizations. The continuous lines are the low-frequency filtered ∆n(t),
where we use a Gaussian filter with a time scale of 0.1Tp, see text. The low-frequency filtered ∆n(t) of (a)-(c) is displayed
in (d) as well, for comparison. The probing frequency is significantly smaller than the resonance frequency of the junction,
which is ωJp = 2.28J0. In (a) we display ∆n(t) of the undriven system. In (b) and (c) we drive the system parametrically, see
Eq. (4). In (b) the driving frequency is ωd/ωJp = 1.053, and therefore blue-detuned, in (c) it is ωd/ωJp = 0.921, and therefore
red-detuned. The comparison in (d) demonstrates dynamical control of the low-frequency response of the junction.
of motion by complex numbers. We sample initial states
from a grand canonical ensemble with chemical poten-
tial µ and temperature T . We choose Jx = 3.3J0 and
T = 0.2J0/kB , kB being the Boltzman constant, and ad-
just µ such that the density per site is n0 = 2. For the
probe, we add the following term
Hˆpr = V (t) ·∆Nˆ , (2)
where the number imbalance ∆Nˆ is
∆Nˆ =
1
2
∑
i
(
nˆ(i,1) − nˆ(i,2)
)
(3)
with V (t) = V0 cos(ωpt). V0 is the probe amplitude and
ωp the probe frequency. The oscillating potential induces
an oscillating current and density motion between the
condensates, which we use to determine the conductivity,
as we describe below. To simulate parametric driving, we
modulate the tunneling energy Jz as
Jz(t) = J0 [1 +A cos (ωdt)] , (4)
where A is the driving amplitude and ωd the driving fre-
quency. As a key quantity to determine the conductivity
σn(ω), we calculate the density imbalance, averaged over
each 1D condensate,
∆n(t) ≡ 〈∆Nˆ(t)〉
Nx
=
2n0
N
〈∆Nˆ(t)〉 (5)
where 〈...〉 denotes the average over the thermal ensemble
and N is the total particle number in the system.
In Fig. 2 we present an example that demonstrates the
main physical effect that we propose to realize experimen-
tally. We show the time evolution of the density imbal-
ance ∆n(t), averaged over 500 trajectories, as a function
of time. The system of coupled condensates is subjected
to a probing term with V0 = 0.01J0 and a small probing
frequency of ωp = 2pi/Tp = 2pi × 0.002J0. The probing
period Tp is used as a time scale in Fig. 2. In Fig. 2(a),
we show ∆n(t) for an undriven system, which displays
high frequency fluctuations due to thermal noises. We
filter these fluctuations using a filter function with Gaus-
sian kernel g(t) = exp(−t2/σ2t ). We choose the time scale
σt = Tp/10. The low-frequency part of the motion of the
density imbalance displays a periodic motion at the prob-
ing frequency ωp. It is depicted in Fig. 2(a), in addition
to the unfiltered data, and also in Fig. 2(d), to be com-
pared to the density motion of a parametrically driven
system, as we describe below.
We now calculate ∆n(t) for a driven junction. We
drive the tunneling energy between the condensates as
described by Eq.(4). We use the driving amplitude
A = 0.4. In Figs. 2(b) and (c), we show ∆n(t) for
a blue-detuned (ωd/ωJp = 1.053) and a red-detuned
(ωd/ωJp = 0.921) driving frequency, respectively. ωJp
is the Josephson plasma frequency, which we estimate as
ωJp =
√
4J0(J0 + Un0), as we describe below. For the
parameter choice of this example, we have ωJp = 2.28J0,
4which we use as a frequency scale for the driving fre-
quency. We note that this choice of the driving ampli-
tude and driving frequency is outside of the parametric
heating regime, which allows for a long driving time.
As depicted in Figs. 2 (b) and (c), we also determine
the low-frequency filtered density imbalance, which we
calculate via Gaussian filtering as described above. We
compare these averaged values in Fig. 2(d). The am-
plitude of the oscillation of the density imbalance is in-
creased due to parametric driving with a red-detuned
driving frequency, and decreased due to driving with a
blue-detuned frequency. This observation exemplifies the
main point of parametric control of conductivity, for an
atomic Josephson junction. For red-detuned driving, the
low-frequency limit of the response to a potential dif-
ference between the two condensates is increased. To
achieve the same response statically, a larger tunneling
energy would be required. This dynamically induced be-
haviour is therefore parametrically enhanced superfluid-
ity. For blue-detuned driving, the amplitude of the os-
cillation of the density imbalance is reduced, which in-
dicates a reduction of superfluidity. This constitutes the
essence of control of conductivity via parametric driving.
We elaborate on this observation below and relate it to
the conductivity of a parametrically driven junction of
charged particles. As we demonstrate, the frequency de-
pendence is inverted: For blue-detuned parametric driv-
ing, the superconducting response is enhanced, for red-
detuned driving the response is reduced.
III. CONDUCTIVITY
In this section, we derive the conductivity of a Joseph-
son junction of neutral particles and of charged particles,
at linear order. The resulting expressions are propor-
tional to the inverse of each other, as we discuss below.
To provide an estimate for the conductivity of an
atomic junction, we consider a two-site BH model in
phase-density representation, in linearized form:
H2 =
(
J0
n0
+ U
)
∆n2 + J0n0θ
2 + V (t)∆n. (6)
θ is the phase difference of the two condensates. ∆n =
(n1 − n2)/2 is the density imbalance. The equations of
motion are
∆n˙ = 2J0n0θ, (7)
θ˙ = −2
(
J0
n0
+ U
)
∆n− V (t). (8)
Eliminating ∆n, we obtain an equation of motion for θ,
θ¨ + γθ˙ + ω2Jpθ = −V˙ (t), (9)
where γ is included phenomenologically to describe
damping. ωJp =
√
4J0(J0 + Un0) is the Josephson
plasma frequency, as stated in Sec. II. The Fourier trans-
form of Eq. (9) can be written as
θ(ω) =
−iωV (ω)
ω2 − ω2Jp + iγω
, (10)
which relates the phase to the external probing potential.
The particle current is determined by j = −∆n˙. The mi-
nus sign is explicitly included to specify that a positive j
refers to a current flowing from condensate 1 to conden-
sate 2, and a negative j to the opposite direction. The
conductivity of a junction of neutral particles is defined
as σn(ω) ≡ j(ω)/V (ω). Combining Eqs. (7) and (10), we
obtain
σn(ω) = 2J0n0
iω
ω2 − ω2Jp + iγω
. (11)
So the conductivity of an atomic junction is a Lorentian
with its maximum at the resonance frequency ωJp, mul-
tiplied by the frequency ω.
To develop the relation between the transport across
an atomic junction and a junction of charged particles, we
derive the conductivity of the RCSJ model of a junction.
The linearized equation of motion for the phase difference
of a Josephson junction is [26]
φ¨+ γcφ˙+ ω
2
Jp,cφ = I˜ , (12)
where I˜ ≡ ω2Jp,cI/Jc0 , with I being the external current.
ωJp,c = (2e/~)2Jc0/C is the Josephson plasma frequency,
where Jc0 is the bare Josephson coupling energy and C is
the capacity determined by the geometry of the junction.
The conductivity is defined as σc(ω) ≡ Id/Vc, where d is
the distance between the superconductors. The voltage
difference across the junction is given by the Josephson
relation, Vc = ~2e φ˙, where e is the charge of an electron.
We then obtain
σc(ω) =
~
2e
Cd
iω
(
ω2 − ω2Jp,c + iγcω
)
. (13)
Comparing Eqs. (11) and (13), we observe that the
conductivity σn(ω) and σc(ω) are proportional to each
other’s inverse, i.e.,
1/σn(ω) ∼ σc(ω). (14)
This relation motivates us to display 1/σn(ω) through-
out this paper, for example in Fig. 1(c) and Fig. 4. This
quantity features a 1/ω divergence in its imaginary part,
and a zero crossing at the resonance frequency, and there-
fore directly resembles the conductivity of a junction of
charged particles.
The origin of this relation derives from a comparison
of Eq. (9) and (12). In both cases, the equations have
the form of a driven oscillator. This results in a lin-
ear relation between the current and the potential, when
expressed in frequency space. The phase of the atomic
junction relates to the current, at linear order, and is
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FIG. 3. Numerical simulation results for ωpIm[1/σn(ωp)]
of the undriven system (grey circles), for red-detuned driving
(purple circles) with ωd/ωJp = 0.921, and for blue-detuned
driving with ωd/ωJp = 1.053 and driving amplitudes A = 0.2
(diamonds) and A = 0.4 (triangles).
therefore the quantity that responds to the external per-
turbation −V˙ (t) in Eq. (9). However, for the electronic
junction, the phase is related to the external potential,
due to the gauge theoretical relation of phase and vec-
tor field, whereas the inhomogeneous term in Eq. (12)
is the current. Therefore the roles of current and exter-
nal potential are reversed between Eq. (9) and Eq. (12),
resulting in the inverse response function.
IV. NUMERICAL RESULTS
We present how the inverse of the conductivity
1/σn(ω) is affected by parametric driving at a blue-
detuned driving frequency of ωd/ωJp = 1.053 and a
red-detuned driving frequency of ωd/ωJp = 0.921. In
Fig. 3, we show ωpIm[1/σn(ωp)] in the low probing fre-
quency regime. For each ωp, we determine the time evo-
lution of ∆n(t) over a time duration of 10Tp, and ex-
tract the Fourier component ∆n(ωp). For the undriven
system, ωpIm[1/σn(ωp)] approaches a constant value of
∼ ω2Jp/(2J0n0) in the limit of ωp → 0. In the pres-
ence of parametric driving, the low frequency response is
modified. When the driving frequency is larger than the
Josephson plasma frequency, i.e., ωd > ωJp, the quan-
tity ωpIm[1/σn(ωp)] is enhanced for ωp < ωd − ωJp, in-
dicating a reduced effective tunneling energy across the
junction. The magnitude of enhancement depends on the
driving amplitude, as shown in Fig. 3. For larger driving
amplitude A, ωpIm[1/σn(ωp)] shows a larger enhance-
ment. Above the frequency difference, i.e., ωp > ωd−ωJp,
the quantity ωpIm[1/σn(ωp)] is reduced. This obser-
vation that the enhancement of ωpIm[1/σn(ωp)] at low
probing frequency limit is accompanied by the reduc-
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FIG. 4. Im[1/σn(ωp)] as a function of the probing fre-
quency ωp for an undriven system, obtained from the numer-
ical simulation (circles) and analytical prediction of Eq. (15).
The probing amplitude is V0 = 0.01J0. We obtain the fit-
ting parameters for the density n0 = 1.8779, for the damp-
ing γ = 0.05J0 and for the Josephson plasma frequency
ωJp = 2.2939J0. Inset: zoom-in near ωJp. The green ver-
tical line indicates the analytical estimate of the Josephson
plasma frequency of ωJp = 2.28J0.
tion of ωpIm[1/σn(ωp)] above the frequency difference,
i.e., ωp > ωd − ωJp, is reminiscent of the redistribution
of phase fluctuations described in [25]. On the other
hand, for a red-detuned driving frequency, i.e., ωd < ωJp
, ωpIm[1/σn(ωp)] is reduced for ωp < ωd − ωJp while in-
creased for ωp > ωd−ωJp. We note that the enhancement
and suppression effect is most pronounced for ωd close to
ωJp. For ωd far away from ωJp, the effect of enhancement
and suppression is diminished.
V. PARAMETRIC CONTROL OF
CONDUCTIVITY
Based on the analytical estimate of the conductivity
that we presented in Sec. III, the inverse of the conduc-
tivity is
1/σn(ω) =
1
2J0n0
1
iω
(
ω2 − ω2Jp + iγω
)
. (15)
In Fig. 4, we show the numerical results for Im[1/σn(ωp)].
It displays a 1/ω divergence in the low frequency regime,
that is associated with the low-frequency behaviour of the
conductivity of a superconductor. We fit the numerical
data with formula (15), which gives for the condensate
density n0 = 1.8779, for the damping γ = 0.05J0 and
for the plasma frequency ωJp = 2.2939J0. We note that
the value of n0 is close to the value of the numerical
simulations, and the value of ωJp is close to the analytical
estimate ωJp ≡
√
4J0(J0 + Un0) ≈ 2.28J0. The zero
crossing of Im[1/σn(ωp)] signifies the Josephson plasma
6frequency. Again, we find that the analytical estimate is
close to the numerical finding. To indicate the magnitude
of the deviation from the linearized estimate, we display
Im[1/σn(ωp)] in the vicinity of the resonance in the inset.
Small deviations are visible around the resonance, where
nonlinear contributions are noticeable, due to the large
amplitudes of the motion near resonance.
We now determine how the conductivity σn(ω) is mod-
ified by parametric driving. This analysis is closely re-
lated to the analysis presented in Ref. [26]. We replace
J0 by J(t) in Eq. (6). The equation of motion for ∆n(t)
is
∆n¨ = 2J˙(t)n0θ + 2J(t)n0θ˙ − γ∆n˙, (16)
where we include damping term phenomenologically with
a damping parameter γ. We note that time dependence
of J(t) contributes an additional term on the right-hand
side, compared to Ref. [26]. This term is of the form of
a damping term as well, in which the damping rate is
modulated in time. The oscillatory time dependence of
J(t) couples the mode ∆n(ωp) at the probing frequency
to the modes ∆n(ωp±mωd), wherem ∈ Z. Using a three
mode expansion, we write ∆n(t) =
∑
j ∆n(ωj) exp(iωjt),
where ωj = ωp + jωd with j = 0,±1. The full expression
for 1/σn(ω) is given in Eq. (A3). In the limit of ωp → 0,
we obtain
lim
ωp→0
Im[ωp/σ
n(ωp)] =
1
2J0n0
A2
(
4J20 + ω
2
Jp
)
(ω2d − ω2Jp)
(
4J20 − ω2d + ω2Jp
)− 2ω2Jp [γ2ω2d + (ω2d − ω2Jp)2]
A2(ω2d − ω2Jp)
(
4J20 − ω2d + ω2Jp
)
− 2γ2ω2d − 2
(
ω2d − ω2Jp
)2 . (17)
This modified expression depends on the driving ampli-
tude and the driving frequency, and the damping param-
eter γ. We note that A appears in the denominator as
well. This is due to the θ˙ term that couples the probe to
J(t), which in turn leads to a probe input of three modes
at frequencies ωp, ωp + ωd, ωp − ωd. Using an expansion
with more and more modes, we expect that the contri-
bution of A to the denominator to play a lesser role.
In Fig.(5), we compare the analytical result based on
the three-mode expansion, Eq. (A3), the numerical result
based on the Eqs. (7) and (8), and the numerical simu-
lation results of the two coupled condensates. We show
the case of blue-detuned driving, ωd/ωJp = 1.053 and
the case of red-detuned driving, ωd/ωJp = 0.921, both
with A = 0.1. We use the parameters n0 = 1.84 and
γ = 0.06J0 for the three mode expansion and numerical
result based on Eqs. (7) and (8). The numerical result
of Eqs. (7) and (8) matches the numerical simulation re-
sult well. The three mode expansion gives a qualitative
estimate of enhancement and reduction of 1/σn(ω). The
overall shape of the response is that of a resonance pole
located near ωd−ωJp ≈ 0.12J0, broadened by the damp-
ing parameter γ, which depends on the temperature and
nonlinear terms.
VI. MECHANISM
To describe the physical origin of the dynamical con-
trol effect that we present in this paper, we consider the
equation of motion
φ¨+ γφ˙+ ω2Jp [1 +A cos (ωdt)] sinφ = I(t). (18)
This is the RCSJ model of a Josephson junction of
charged particles, see Eq. (12), with an additional para-
metric modulation of the Josephson energy, see Ref. [26].
Due to the similarity to an atomic Josephson junction,
see e.g. Eqs. (9) and (16), this discussion provides
an intuition for atomic junctions as well, with the re-
interpretation of terms, discussed in Sec. III.
Interpreted as a mechanical model, this equation de-
scribes a particle moving in a cosine potential, as de-
picted in Fig. 6. This is the tilted-washboard poten-
tial representation of the RCSJ model [54] with V (φ) =
−I(t)φ−ω2Jp[1+A cos(ωdt)] cosφ. The probe current I(t)
plays the role of tilting the potential up- and downward.
If the external potential oscillates in time, the washboard
potential is modulated with a linear gradient, oscillating
in time. The Josephson plasma frequency ωJp is the fre-
quency of a particle oscillating around a minimum. The
parametric driving term, given by A cos(ωdt) corresponds
to a modulation of the height of the potential in time, as
shown in Fig. 6(b).
To describe the origin of the renormalization of the
low-frequency response, and its sign change for driving
frequencies above and below the resonance frequency, we
present a perturbative argument. This approach provides
an estimate of the conductivity that corresponds to the
result of the three-mode expansion, expanded to second
order. We expand φ = φ(0)+Aφ(1)+A2φ(2)+... by treat-
ing the driving amplitude A as the expansion parameter.
Assuming small amplitudes of the phase oscillation, we
linearize sinφ. Inserting the expansion series into Eq.
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FIG. 5. Comparison of the numerical simulations (circles,
diamonds, triangles) with the three mode expansion (purple
dashed lines) of Eq. (A3) and the numerical solution (purple
continuous lines) of Eqs. (7) and (8) with the parameters n0 =
1.84 and γ = 0.06J0. The probe amplitude is V0 = 0.01J0.
Driving amplitude is A = 0.1 and the driving frequency is
ωd/ωJp = 1.053 for blue-detuned driving, and ωd/ωJp = 0.921
for red-detuned driving.
(18), we the obtain the equations
φ¨(0) + γφ˙(0) + ω2Jpφ
(0) = I(t), (19)
φ¨(n) + γφ˙(n) + ω2Jpφ
(n) = −ω2JpA cos(ωdt)φ(n−1) (20)
in zeroth and n-th order in A, respectively. We note
that the n-th order solution is multiplied with cos(ωdt)
to provide the source term for the (n+1)-th order. With
a monochromatic probe current I(t) = I0e−iωpt, the so-
lutions to Eqs. (19) and (20), up to second order contri-
FIG. 6. In (a) and (b) we depict the washboard potential
representation of junction dynamics. In (a) we show the in-
fluence of an external current, in (b) we show the influence
of parametric modulation of the junction energy. In (c), we
show the response of the phase of the probe, and indicate the
first and second order contributions to the modified response
at ωp.
butions, are
φ(0) =
I0e−iωpt
ω2Jp − ω2p − iγωp
, (21)
φ(1) =
−ω2Jp(A/2)φ(0)e−iωdt
ω2Jp − (ωp + ωd)2 − iγ(ωp + ωd)
, (22)
φ(2) =
−ω2Jp(A/2)φ(1)eiωdt
ω2Jp − ω2p − iγωp
. (23)
Each solution is the solution of a driven harmonic oscil-
lator, responding to an external driving term. φ(0) os-
cillates at frequency ωp determined by the probe current
I(t), as indicated in Eq. (19). In the solution for φ(1),
−ω2JpA cos(ωdt)φ(0) is the source term, and determines
that φ(1) oscillates at frequency ωd + ωp. If ωd is close
to the resonance frequency ωJp, the amplitude of the re-
sponse is large. As indicated in Fig. 6(c), the motion
8of φ(1) will pick up an additional phase of pi, when the
driving frequency is above the resonance frequency. The
second order correction φ(2) oscillates at low frequency
due to the oscillatory factor eiωdt. Therefore φ(2) is the
lowest order contribution to the motion at the probing
frequency. The sign change at the resonance translates
into φ(2) having a positive or negative sign. Inserting
Eqs. (21) and (22) into Eq. (23), in the limit of ωp → 0,
we obtain
Re[φ(2)] =
A2
4
ω2Jp − ω2d
(ω2d − ω2Jp)2 + γ2ω2d
. (24)
Therefore, when the system is subjected to a blue-
detuned driving, i.e., ωd > ωJp, the combined terms
φ(0)(ωp) + φ
(2)(ωp) have a reduced magnitude, resulting
in a stabilization of the phase. Similarly, for red-detuned
driving, φ(2)(ωp) has the same sign as φ(0)(ωp), therefore
the response of the phase is increased. For σc(ωp) this im-
plies that the conductivity is enhanced for blue-detuned
driving and reduced for red-detuned driving, because the
phase is proportional to electric field, while the current
is held fixed. A reduction of the motion of the phase
implies that the same current is induced with a smaller
electric field, indicating an enhanced conductivity. For
the conductivity of an atomic junction, the phase is pro-
portional to the current, at linear order. So a reduction of
the phase motion implies a reduction of the conductivity,
which occurs at blue-detuned driving, while an increased
current occurs at red-detuned driving, resulting in para-
metrically enhanced conductivity.
VII. CONCLUSIONS
We have demonstrated parametric enhancement and
suppression of the conductivity of an atomic Josephson
junction, composed of two weakly coupled 1D conden-
sates. This is motivated by our proposed mechanism
of parametric enhancement of the conductivity of light-
driven superconductors [26], which, in its simplest form,
manifests itself in a single, parametrically driven Joseph-
son junction. To demonstrate the analogous mechanism
in a cold atom system, we discuss the relation between
the conductivity of a junction of neutral particles and a
junction of charged particles. We demonstrate that these
are proportional to the inverse of each other. Based on
this analogue, we propose to control the inverse of the
conductivity of an atomic junction. We implement para-
metric control of the junction by periodic driving of the
magnitude of the tunneling energy. We show numeri-
cally and analytically that the low-frequency limit of the
inverse conductivity is enhanced for parametric driving
with a frequency that is blue-detuned with regard to the
resonance frequency of the junction. Similarly, the in-
verse of the conductivity is suppressed for parametric
driving with a red-detuned frequency. This effect con-
stitutes the central point of parametric enhancement of
conductivity, which we propose to implement and ver-
ify in an ultracold atom system, which serves as a well-
defined toy model, in the spirit of quantum simulation.
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Appendix A: three mode expansion solution
To solve Eq. (16), we first substitute θ and θ˙ using
Eqs. (7) and (8). A three mode expansion allows us to
write
∆n(t) = ∆n(ωp)e
−iωpt + ∆n(ωp + ωd)e−iωpt−iωdt
+ ∆n(ωp − ωd)e−iωpt+iωdt. (A1)
Now Eq. (16) can be written in matrix form as
 ω2Jp − iγ∆−d −∆d2 2AJ20 + ω2JpA/2 02AJ20 + (ω2Jp − ω2d)A/2 ω2Jp − iγωp − ω2p 2AJ20 + (ω2Jp − ω2d)A/2
0 2AJ20 + ω
2
JpA/2 ω
2
Jp − iγ∆+d −∆2+d
∆n(ωp − ωd)∆n(ωp)
∆n(ωp + ωd)
 = J0n0V0
−A/21
−A/2
 (A2)
where we keep terms inA up to first order. ∆+d = ωp+ωd
is the sum of the probing frequency ωp and the driving
frequency ωd. ∆−d = ωp−ωd is the difference frequency.
With the solution of ∆n(ωp), we obtain the expression
for the conductivity
91/σn(ωp) =
2
{
A2(4J20 + ω
2
Jp)Bfac/2 +
[
ω2Jp + iωp(γ + iωp)
]
CfacDfac
}
J0n0 (A2Bfac − 2CfacDfac) (A3)
whereBfac =
(−iγωp + ω2d − ω2Jp + ω2p) (4J20 + ω2Jp − ω2d), Cfac = ω2Jp+iγ∆−d−∆2−d andDfac = ω2Jp+iγ∆+d−∆2+d.
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